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Statics  

Ep 1. Known: P, a, the weight and friction of each member are not counted; Find the 

constraint reaction at A and B. 

SOLUTION: 

Firstly, take the whole as the research object,  

and its force diagram is shown in the figure (a). 

 

 

 

 

 

[Analysis]: There are altogether four unknown forces in this force diagram, all of 

which are required constraint forces. There are only three independent equilibrium 

equations, so it is impossible to solve all of them. But by taking the moment of A or B, 

we can solve for
YAF or

YBF first. 

From     0)(m = FB


      02 =−− aPFa AY     we get： PFAY

2

1
−=  

         0=Y            0=−+ PFF BYAY      we get： PFBY
2

3
=  

          

Take the rod EC, and its force is shown in Figure 3.1 (c), from 

          0)( = FmC


     045sin =− aPaFRE

  

We obtain                      PFRE 2=  

Take bar AED, and its force diagram is shown in Fig. 3.1 (b), from 

0)( = FmD


      

0222 =−− REAyAx FaFaFa
    

We get                         
2

P
FAx =  

For the overall force figure 3.1 (a), from 



0= X        0=+ BxAx FF  

we get                     
2

P
FBx −=  

 

Exercise: Known: P, a, the weight and friction 

of each member are not counted; 

Calculate the constraint reaction at A, B and E. 

 

 

 

 

 

 

 

 



Ep 2. Known：P=10kN，q=2kN/m, M=2kN·m, ɑ=1m, the weight and friction of each 

member are not counted; 

Calculate the constraint reaction at A. 

SOLUTION:  

Firstly, take the whole as the research object, and its stress is shown in Figure 2 (a). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                    0= X     033
2

1
=−+ qaaqFAx  

We get                         kNFAx 7−=  

Take the bar CE, and its force diagram is shown in FIG. 3.2 (c), from 

              0)( = Fmc


   045cos =−+ MaPaFE

  

We get                kNFE 845cos −=  

From              0=Y    045sin =− CyE FF 
 

get                    kNFCy 8−=  

Take the component BCD, and its force diagram is shown in Figure 3.2 (b), from 

               0)( = FmD


    0

2
=−+

a
qaaFaF CyB  

Get                       kNFB 9=  

For the whole, from  

                 0=Y     0=+ BAy FF  

Get                        kNFAy 9−=  

Ep 2 



From           0)( = FmA


  033

2

1

2
=−+−+ aaq

a
qaMaFM BA  

get                     mkNM A = 1  

 

 

Exercise：Known：AB=BC=CD=ɑ. The material weight is P, 

and the weight of pulley and each bar is not counted. Find the 

constraint reaction at E. 

 

 

 

 

 



Ep 3. Known: P, l, R, Each bar and pulley shall be excluded; Find the constraint 

reaction at fixed end A. 

 

 

 

 

 

 

 

 

 

 

SOLUTION:  

Take the CD rod (including the pulley) as the research object, and its force is shown 

in Figure (b), from 

        0)( = FmD


   0)(2 =−++ PRRlFlF TCB  

We get                  
2

P
FCB −=  

Take rod AB and its force diagram is shown in Figure (c), from 

              0= X    0=++ TBCAx FFF  

We get                   
2

P
FAx −=  

From            0=Y        0=AyF  

        0)( = FmA


    02)( =−+− lFRlFM BCTA  

We get                   PRM A =  

 

Exercise: Known: maNmMNPmNq 1,500,2000,/500 ==== , Not counting the 

weight of each pole. 

Calculate: the force of AB bar on CD bar at B. 
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Ep 4. Known: PaMaP =,, ，Not 

counting the weight of each pole. 

Find the constraint reaction at support A 

and D. 

 

SOLUTION:  

Firstly, BC bar is taken as the object of 

study, and its force diagram is shown in 

Figure (c), from 

  0)( = FmC


 

02 =−+− MPaaFBy  

We get         0=
ByF  

 

 

 

 

 

 

 

 

 

取折杆 AB 为研究对象，受力如图（b）所示，由 

            0=Y        0=−− ByAy FPF     得    PFAy =  

          0)( = FmB


   022 =++− aFPaaF AxAy     得     

2

P
FAx =  

            0= X       0=+ BxAx FF       得   
2

P
FBx −=   

取 BC 为研究对象，受力图（c），由 

             0= X      0=+− CxBx FF     得    
2

P
FCx −=  

             0=Y      0=−+ PFF CyBy    得      PFCy =  

 

 

Finally, take the CD rod as the research object, and the force is shown in Figure (d),  

             0= X      0=+− DxCx FF      get     
2

P
FDx −=  

             0=Y      0=− CyDy FF        get     PFDy =  

Ep 4 



            0)( = FmD


   022 =++ cyCxD aFaFM    get PaM D −=  

Exercise: 

Known: AB=2BC=2CD=2m，q=2000N/m，

M=500Nm, Each rod is homogeneous and its 

weight per unit length is 500N/m. 

Calculate: Constraint reaction at A. 

 

 

 

 

 

 

 

 



Ep 5.  

 

 



Ep 6.  

 

 



Ep 7.  

 

 



Ep 8.  

 

 

 

 



Ep 9.  

 

 

 



Ep 10.  

 

 

 

 



Ep 11.  

 

 

 

 



Ep 12.  

  

 

 

 

 



Ep 13. Known: Dimensions A, B, P acting on the BC bar can be translated with X, C, 

E is smooth contact, the dead weight of each bar is not calculated, pin A, B penetrates 

each member. 

Find out: AB bar stress, and explain whether AB bar stress and X. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

SOLUTION:  

Take the whole as the research object, and the force is shown in Figure (a),  

        0= X        0=AxF  

        0)( = FmE


    0)( =−− bFxbP Ay    get P

b

xb
FAy

−
=  

Pin A was taken as the object of study, and its stress was shown in Figure (b), 

       0= X         0=+ ADCxAx FF    get  0=ADCxF   
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BC bar was taken as the research object, and its stress was shown in Figure (d), 

   0)( = FmB


       0=− PxbFC    得 P

b

x
FC =  

ADC bar is taken as the research object, and its force is shown in Figure (c), 

     0)( = FmD


      0

222
=−−

b
F

a
F

b
F CADCxADCy   get P

b

x
FAXCy =  

Then pin A is taken as the research object, and there are: 

        0=Y        0=++ ADCyAyAB FFF   

        That is 0=+
−

+ P
b

x
P

b

xb
FAB     get  PFAB −=  

 That is, the AB bar is under the action of pressure P, 

independent of position X. 

 

Exercise: Known: P、a、b, the point E is smooth 

contact, and the weight of each rod is not counted. 

Calculate: the force of BCD bar on ACE bar at C. 

 

 

 

 

 



Ep 14.The cuboid's side length is A, and its acting force are 
1F  and

2F . The acting 

position is shown in Figure 6.The couple acting surface with a moment of 
1M is in 

OBGE plane, while the couple acting surface with a moment of 
2M is in BCDG 

plane. 

Calculate: the projection of each force on the x,y, z axes and the simplified result of 

the moment of x, y, z axes and the force system toward O point.  

 

SOLUTION: 

Projection: 

11
2

2
FF x −=        11

2

2
FF y =      01 =zF  

222
2

1
45cos45cos FFF x ==   

222
2

1
45sin45cos FFF y −=−=   

222
2

2
45sin FFF z ==   

The moments of the x, y, z axes of each force and its couple are respectively 

aFFmx 11
2

2
)( −=


       aFFmy 11

2

2
)( −=


     aFFmz 11

2

2
)( =


 

aFaFFmx 222
2

2

2

1
)( +=


    aFFm y 22

2

1
)( =


    aFFmz 22

2

1
)( −=


 

111
2

2
45cos MMM x ==       111

2

2
45sin MMM y −=−=      01 =zM  

02 =xM       22 MM y =      02 =zM  

The simplified principal vector principal moment of the force system towards O point 

is 

21
2

1

2

2
FFXRx +−==  

21
2

1

2

2
FFYRy −==  

Ep 14 



2
2

2
FZRz ==  

kRjRiRR zyx


++=  

1221
2

2

2

2

2

1

2

2
)( MaFaFaFFmM xx +++−==


 

2121
2

2

2

1

2

2
)( MMaFaFFmM yy +−+−==


 

aFaFFmM zz 21
2

1

2

2
)( −==


 

kMjMiMM zyxo


++=  

Exercise: The position of three forces 321 ,, FFF


is 

shown in the right figure, xF //1


， yF //3


，

2F


is in the 

Oxz plane, NF 1001 = ， NFNF 200,2100 32 == , if 

the principal moment of a simplified vector in the xy 

plane is in the same square, calculate the coordinates 

of point A and the principal vector and principal 

moment simplified to point A. 

 

 



Ep 15. As is shown in Figure 7(a), three  

disjoint and uneven edges along the  

cuboid act on three equal forces F. 

Find out: what relationship should edge  

A, B and C have so that the force 

system can be reduced to a force. 

 

SOLUTION: 

Select A as the simplification  

center, and establish the coordinate system as shown in Figure (b). The simplification 

result is as follows:    

     kFjFiFR


++=  

        jFaiFcFbM A


−−= )(  

When 
AMR


⊥ , the final simplified result is a net force, therefore: 

        0=• AMR


    that is   0)( 22 =−− aFcbF  

Thus:    cba −=  

 

 

Exercise: As shown in the figure on the right, the side  

length of the cube is a, and the forces acting on it are  

all three forces of size F, which are simplified to point  

O. Judge whether the final simplification result is a  

resultant force. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Ep 15 

x 
y 

z 



 

Ep 16. As shown in Figure 8 (a), the frame is composed of nine rods regardless of 

self-weight, AB=BC=CA=3m, BE=CF=AD=4m, ABC forms a horizontal plane, BE, 

CF and AD rods are perpendicular, and force P is parallel to rod BC. 

Calculate: The internal force of each bar.  

SOLUTION: 

Take node A as the research object, and the force is shown in Figure (b). ABn ⊥1


, 

the axial force of AB, AD and AE bar is projected on it to be zero.  

        01 = nF     030cos30cos =− 
ACFP  

      We get         PFAC =  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Take ABC as the research object, and the force is shown in Figure. (c), from 

       0)(2 = Fmn


     030cos330cos3sin =−  PFCD   

get               PFCD
3

5
=  

       0)(3 = Fmn


     030cos330cos3sin =−  PFAE   

get               PFAE
3

5
=  

       0)(4 = Fmn


     030cos3sin = BFF  

get                0=BFF  

For the intersection point A, see Figure (b, c).        

04 = nF      0cos =−− AEAD FF  
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get               PFAD
3

4
−=   

      05 = nF        060cos60cossin =−−+ 
ACAEAB FPFF   

get                0=ABF  

For the intersection point B, see Figure (b, c). 

From      02 = nF        0cos =−− BFBE FF  

Get                 0=BEF  

       06 = nF       060cossin =++ 
ABBFBC FFF   

Get                  0=BCF  

For the intersection point C, see Figure (b, c) 

       03 = nF       0cos =−− CDCF FF  

Get                 PFCF
3

4
−=  

 

 

Exercise: The equilateral triangle ABC, with 

weight P and side length A, is supported in the 

horizontal position by three non-weight 

lead-bar 1, 2, 3 and three non-weight inclined 

straight bars 4, 5 and 6 at horizontal angle 

with ball hinge. A force couple is acted on the 

plate surface, its moment is PaM
2

3
= . At 

point C, a force P parallel to side AB is 

applied. To calculate the internal force of each 

bar. 

 



Ep 17 

Ep 17. The weight P of homogeneous rectangular prism ABCDEF is1 500N, 

30=ABE , a couple M is applied in the BCEF plane, M=500Nm, connected by six 

weightless rods connected by ball hinge, as shown in Figure 9, a=1m.Calculate the 

internal force of each rod. 

 

SOLUTION:  

The force is shown in Figure (b) 

         0=Y       045cos
3

2
6 =− F  

Get                        06 =F  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

From        0)( = Fmz


    060sin45cos4 =+  MaF  

Get                NF 62504 −=  

From       0)(1 = Fmn


     060sin45cos5 =−  MaF   

Get                NF 62504 =   

From        0)(2 = Fmn


    060cos

2
3 =+−− M

a
PaF  

Get                NF 5003 −=  

From        0)(3 = Fmn


     0)

3

2
45cos( 51 =++−

a
PaFaF 

 

Get             NF )3250500(5 +−=   



From         0)( = Fmx


     0

3
45cos 342 =−−−−

a
PaFaFaF   

Get              NF )3250500(5 −−=  

 

 

Exercise: The reduction gearbox is 

composed of three axes, and the power is 

input by axis I, NmM 6971 = . Gear pitch 

circle diameter mmD 1601 = , mmD 6322 = , 

mmD 2043 = , pressure Angle is 20 , 

excluding friction, wheel, shaft weight.  

Calculate the constrained reaction forces of axes A, B, C and D when rotating at 

constant speed.



Ep 18. 

 

 

 



Ep 19. 

 

 

 

 

 

 



Ep 20. 

 

 

 

 

 

 



Ep 21. 

 

 

 

 

 

 



Ep 22. 

 

 

 

 

 

 



Ep 23. 

 

 

 

 

 



Ep 24. 

 

 
 



Ep 25. 

 

 

 
 

 

 

 

 



Ep 26. 

 

 

 

 

 



Ep 27. 

 

 

 

 

 



 



Ep 28. 

 

 

 

 

 

 



Ep 29. 

 

 

 



Ep 29. 

 

 

 

 

 



Ep 30. 

 

 

 



Ep 31.  

 

 

 

 



Ep 32. As shown in Ep 32 (a), block A with a weight of P=1000N is placed on the 

slope with an inclination of 
30= . The static sliding friction coefficient 2.0=sf  

between block A and the inclined plane, ignore the weight of the wire rope. The wheel 

is a homogeneous wheel with a radius of R=0.1m.（1）When the couple moments of 

force applied to the pulley are Nm40M1 = and Nm60M2 = , the system is at rest, and 

calculate the friction force between block A and the inclined plane.（2）The range of 

the couple moment M when the system is in equilibrium. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

SOLUTION: 

（1）Take block A and pulley respectively, and the force diagram is shown in Figure 

(b) (c). 

For block A, there are:    0X =      0sin =−+ PFFT           （1） 

For pulleys, there are:    0)(m = Fo


    0=− MRFT               （2） 

We can get                  
R

M
FT =  

When NmMM 401 == , substitute NFT 400=  into（1）, we get NF 1001 = （go up 

along the slope） 

When NmMM 602 == , substitute NFT 600=  into（1）, we get NF 1001 −= （go 

down along the slope） 

At this time, NPFN 3500cos ==     NFfF Ns 3100max ==  

（2）Block A and pulley are respectively taken. When the couple moment M added to 

Ep 10 



the pulley is minM , block A is in the critical state of sliding down, and its force 

diagrams are shown in Figure (d) (e). 

For block A, from 

         0X =       0sin11 =−+ PFFT  

         0Y =        0cos1 =− PFN  

We get         11 NsFfF =  

Solve it      NPfPFfPF sNsT 8.326cossinsin 11 =−=−=   

On the pulley, from        

0)(m = Fo


    0min1 =− MRFT  

We get              NmM 68.32min =  

In the same way, when maxMM = , block A is in the critical state of moving up, and 

the frictional force is moving down, there are:       

NPfPFfPF sNsT 2.673cossinsin 12 =+=+=   

                 NmMm 32.67ax =  

Therefore, when the system is in equilibrium, the value range of the moment M of the 

force couple is 

                  NmMNm 32.6768.32   

 

Exercise: As shown in the figure on the right, 

block A weighs NP 1001 = , homogeneous wheel 

B weighs NP 3002 = , mR 2.0= , the dead 

weight of rod AB is not counted, the static 

sliding friction coefficient between wheel and 

horizontal plane is 4.0=sf , the rolling friction 

is not counted, and the bevel is smooth. In order to balance the system in the figure 

( 30= ), what is the couple M of torque applied on wheel B? What is the sliding 

friction between the wheel and the horizontal plane?  

 

 

 



Ep 33. As shown in Ep 33 (a), homogeneous cylinder O weights P, the radius is R, on 

the slope Angle is 30= , a no self-respecting right-angle bend rod AB block, 

cylindrical and bevel and static sliding friction factor between the bending pole is sf , 

ignore the rolling friction and B is smooth. Find the minimum force 
minF to pull the 

bending rod, and force F is parallel to the inclined plane. 

 

 

 

 

 

 

 

 

 

 

SOLUTION:  

(1) The right-angle bending bar and cylinder are respectively studied. Assuming that 

the cylinder has A pure upward sliding trend, the friction force at C is downward, 

but the relative motion trend at A is not obvious. The direction of friction is 

assumed as shown in the figure, and the force diagram is shown in (b) and (C) 

respectively.  

For the cylindrical                

0X =     0sin =−− PFF CNA           （1） 

                     0Y =      0cos =−− PFF ANC          （2） 

                  0)( = Fmo


     0=− RFRF CA                （3） 

Because the critical sliding state has been reached at C, 

     NCsC FfF =                   （4） 

Solve it simultaneously, and get   
s

s
NA

f

PfP
F

−

−+
=

1

)sin(cossin 
 

For the equilibrium equation is arranged for the bent bar 

       0X =     0=− NAFF  

We get                      
s

s

f

PfP
F

−

−+
=

1

)sin(cossin 
      （A） 
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(2) The right-angle bending bar and cylinder are respectively studied. Suppose the 

cylinder is in an upward pure rolling trend, the friction force at C is downward, 

the friction force at A is still assumed as shown in the figure, and the force is still 

shown as (b) and (C). 

For the cylinder, there are still equations (1), (2) and (3), but (4) is not true. 

For the wheel, the critical sliding state should be reached at A, and there is 

                              NAsA FfF =                       （ 4） 

Equations (1), (2), (3) and (4’) can be solved simultaneously 

                            
s

NA
f

P
F

−
=

1

sin
 

The equilibrium equation is arranged for the bent bar 

       0X =     0=− NAFF  

Solve it                       
sf

P
F

−
=

1

sin
                     （B） 

Comparing (A) and (B), because of 30= , 0sincos −  , we have 

      
ss

s

f

P

f

PfP

−


−

−+

1

sin

1

)sin(cossin 
 

Therefore, under the trend of pure sliding and pure rolling of cylinder, the force F 

required for pure rolling is small. 

(3) If the cylinder is in the trend of rolling and sliding, the required F force must be 

greater than that required for pure rolling. Therefore, the minimum force required 

to pull the bending rod is     

                      
)1(2

min

sf

P
F

−
=  

 

Exercise: In the system shown in the figure on 

the right, the weight of the right-angle bending 

bar is
1P , the center of gravity is at point G, the 

wheel shaft weight is
2P , 21 2PP = , and the static 

sliding friction coefficient at C and D is 

4.0=sf . The dimensions are shown in the 

figure, 321 32 lll == , 12 2RR = ,excluding the rolling friction. Find the maximum 

horizontal tension F at equilibrium. 



Ep 33. As shown in Figure 12 (a), the weightless bar AB and the weight P are 

homogenous tri-prism C hinged at Point B, and there is a horizontal right force F 

acting on the bar AB. The static sliding friction coefficient 4.0=sf  between the bar 

AB and the horizontal plane, as well as between the prism and the horizontal plane, is 

shown in the figure. Calculate the maximum value of the force F that keeps the 

system in balance.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

SOLUTION:   

If the force diagram (b) is applied, the moment at point B will definitely tip over. So 

the correct force diagram should be (c). 

（1） When the triangular prism slides to the right, its force is shown in Figure (c). 

At this time there are: 

                    11 Nss FfF =  

From          0)( = FmB


      08.1 11 =− sN FxF  

That is                 08.1 11 =− NsN FfxF  

Ep 34 



Solve it              mfx s 72.08.1 ==  

This result indicates that if the prism is in the critical sliding state, the action line of 

1NF  should be 0.72m away from the center of the prism, which is impossible, so the 

prism will not slip. 

（2） When the triangular prism has a trend of turning over around the edges D, its 

force diagram is shown in Figure (D). From 

               0)( = FmD


      06.08.16.0 =−− ByBx FFP             （1） 

Take rod AB and its force diagram is shown in Figure (e). From 

            0X =       0=−− ASBx FFF                            （2） 

            0Y =       0=− ByAN FF                               （3） 

           0)( = FmA


   06.02.18.1 =−− FFF ByBx                     （4） 

                  ANsAS FfF =                                       （5） 

The equations (1-5) can be solved simultaneously, so that the maximum value of the 

equilibrium force F of the system is 

                      PF
23

8
max =  

 

Exercise: In the figure on the right, 

homogenizer wheel A weighs P, and block B 

weighs nothing. The static sliding friction 

coefficient between wheel A and the inclined 

plane and block B is sf . The contact point 

between block B and the inclined plane is 

smooth, and the force F is parallel to the 

inclined plane. When  60,45,30= , find the 

force F to keep the system in balance. 

 

 

 

 

 

 



Ep 33. 

 

 

 

 

 

 

 

 



Ep 34. 

 

 

 

 

 

 



Ep 35. 

 

 

 



Ep 36. 

 

 

 

 



Kinematics  

 

Ep 1. The rocker slide mechanism is shown in 

Figure 1.The slider M is driven by the rocker 

O2A and moves along a fixed circular groove 

BC with radius R. The rotation axis O2 of 

rocker O2A is on the circumference of the 

circular arc groove. If the angle between the 

joystick and O2O line according to regular 

movement with φ=ωt, ω is a constant, try to 

use cartesian coordinate method and natural 

method respectively to find the velocity and 

acceleration of M point.  

    

SOLUTION:  

1: Since the slider M moves along the known arc path BC, it is more convenient to use 

the natural method to solve it. 

    Take the starting position of slider M as the origin O of arc coordinates, and 

specify that its forward and angle φ are in line. According to the geometric 

relationship in the figure, the motion equation of point M is  

      S=Rθ=2Rφ=2Rωt 

Take the first derivative of the above equation with respect to time to get the velocity 

of slider M: 

      =
ds

v = 2 R
dt

 

The velocity v is a positive constant, indicating that the velocity direction is in the 

positive direction of the circumferential tangent. The tangential and normal 

acceleration of the slider M are respectively: 

         ,





= = = =
2

2

n

dv v
a 0 a 4 R

dt
 

The above results indicate that the slider moves in a uniform circular motion with the 

direction of normal acceleration pointing to O1, as shown in the figure. 

2: This problem can also be solved using the cartesian coordinate method. 

The rectangular coordinate system is established as shown in the figure, and the 

geometric relationship is as follows: 

      

cos ( cos ) ( cos )

sin sin sin

t

t

  

  

= + = + = +

= = =

M

M

x R R R 1 2 R 1 2

y R R 2 R 2
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Take the first derivative of the above equation with respect to time to get the velocity 

of slider M: 

           

sin

cos

t

t

 

 



= −

=

= + =

Mx

My

2 2

M Mx My

v 2 R 2

v 2 R 2

v v v 2 R  

The velocity is in the positive direction of the 

circumferential tangent. Also can do it with the 

direction cosine, now omit it here. 

Take the second derivative of the above equation with 

respect to time, and the acceleration of the slider M is 

           

cos

sin

t

t

 

 



= −

= −

= + =

2

Mx

2

My

2 2 2

M Mx My

a 4 R 2

a 4 R 2

a a a 4 R  

The direction of the acceleration is O1, as shown in the figure. 

Exercise : As shown in the figure, the small ring M, set in the big ring with radius of 

R and rocker OA at the same time, rocker OA around O axis with an equal angular 

speed of 2ω rotation. When the motion begins, the joystick is in a horizontal position. 

Find the M velocity and acceleration of the small ring. (v=4ωR,aτ=0,an=16ω2R) 
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Ep 2. For block B with a lead vertical chute, 

the motion equation of the chute center line is 

x=0.05t2, and drive pin M along a fixed 

parabolic shape chute, as shown in Figure 2. 

We know that the equation of the parabola is 

y=x2/4, where x, y are in terms of m. Try to 

find: (1) when t=5s, the acceleration of pin M; 

(2) The time when ax=ay. 

SOLUTION:  

Since pin M is driven by block B and moves 

in a plane curve, its equation of motion in the 

x direction is x=0.05t2. By taking the first and second derivatives of the above 

equation with respect to time, the projection of the velocity and acceleration of pin M 

on the X-axis are vx=0.1t, ax=0.1m/s2 

    And because the parabolic equation for a fixed curve slot is y=x2/4, which is the 

trajectory equation of pin M, so take the first derivative of this equation with respect 

to time, we get vy=xvx/2, substitute x and vx, we get vy=0.0025t3, the derivative with 

respect to time, ay=0.0075t2, so when t=5s,  

            

2

2

0

0.1875m/s

0.2125m/s

0.1
arctan arctan 28.07

0.1875


=

= + =

= = =

y

2 2

x y

x

y

a

a a a

a

a
 

θ is the positive Angle between a and the Y-axis. 

    When ax=ay, we have 0.1=0.0075t2, so t=3.65s. 

 

Exercise : The lead rod moves to the right at a constant speed of v0 and drives the pin 

M along the slot of the parabola x = y 2/3, as shown in the figure, where x and y are 

expressed in terms of m. Try to find the tangential acceleration ρ of radius and pin M 

of the trajectory at y=2m.（aτ=0.1688v0m/s2，ρ=6.944m） 

 

Exercise : As shown in the figure, the vector diameter of the moving point M is 

3 2

M
r = 2t t + 3ti + j k , where, the unit of length is m, and the unit of time is s. Try 

to find the tangential acceleration, normal acceleration and radius of curvature of 

moving point M when t=1s.（aτ=7.714m/s2，an=3.535m/s2，ρ=13.86m） 
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Ep 3. As shown in the figure, the system consists 

of rod O1A, rod O2B and rectangular plate ABCD. As 

we know, O1A=O2B=r, O1O2=AB=CD=2r, AD=BC=d, 

rod O1A rotates on axis O1 with an angular acceleration 

of ε=2trad/s2, where time t is measured in S and length 

in m. When t=0, φ0=φ′
0=0, calculate the velocity and 

acceleration of vertex D and middle point E at the 

upper edge of the rectangular plate when φ=900.  

  

SOLUTION:  

Find the angular velocity ω of bar O1A 

Due to the variable speed motion of bar O1A, Whent=0, φ0=φ′
0=0. So 

0
     d =

 =  

,
t 

  

 

=



   

 

t

0 0 0

3
t t

2

0 0

d dt ωdt

t
2tdt = t ,  = ωdt =

3
 

Therefore, whenφ=900, the time of experience: 

= 3 = 3 1.5 s
2

          33 3
π

t  = π  

The angular velocity of rod O1A at the instantaneous is: 

2= = (1.5 ) s        / 23t π rad
 

Calculate the velocity and acceleration of point D and E at the middle point of the 

upper edge 

    As the rectangular plate moves in curve, it can be written: 

   

2 23

23

2 2 2

0

2

2.81  m/s

(1.5π) = 7.9 m/s

1.5π 3.35 m/s

8.58 m/s

tan 0.424 22.98

8.58 m/s

 

 

 

   =

 

( ) ( )









 

=



=  =

= + =

= =

= = =

D E A

n 2

A

A

n

A A A

A

n

A
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a

a
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The directions of velocity and acceleration at each point are shown in the figure. 

 

aA ω 

ε φ 

aE 

E 

aD 

D 

an
A 

a
τ

A 
vA 

vD 
vE 

O1 
O2 

B 

C 

θ 

Ep 3 



Exercise : As shown in the figure, the right Angle folding 

rod OABC rotates within the vertical surface around the O 

axis. As known, OA=15cm, AB=10cm, BC=5cm, the angular 

acceleration of rotation is ε=4t rad/s2 (t counts in seconds). If 

the bar starts to rotate from rest, try to find the velocity and 

acceleration at points B and C on the bar when t=1s. 

   

2

2

2 2 2

2

20 13 cm/s

20 13 cm/s

20 26 cm/s

20 5 cm/s

40 10 cm/s
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
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Ep 4. Block B moves horizontally and linearly 

with uniform velocity v0. Bar OA can rotate 

about Axis O, and the bar keeps close to the 

side edge ab of the block, as shown in figure 4. 

Given that the height of the block is h, try to 

find the rotational equation, angular velocity 

and angular acceleration of bar OA.  

Solution: Take the coordinates as shown in 

the figure, φ clockwise from y axis to positive, 

and take x=0 as the starting point. At any 

instant, the coordinate of the contact point between bar OA and the lateral edge of the 

block is x. By the question x=v0t, and the triangle relation 

 =       tan  0
v tx

=
h h

 

Therefore, the rotation equation of bar OA is 

 = ( )        0
v t

arctan
h

 

The angular velocity of the bar is 

 2
=

( )
       


 =

+

0

2

0

v hd

dt h v t
 

The angular acceleration of the bar is 

       2 2
= -

( )
  


 =

+

3

0

2 2

0

2v htd

dt h v t
 

 

Exercise:: In the mechanism shown in the figure, slider B 

moves to the right as x=0.2+0.2t2m, where t is measured in 

seconds. Try to find the angular velocity and angular 

acceleration of bar OA when x=0.3m. 

2= - rad/s, -   rad/s   -. .  =  20 1375 6 4788 10
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Ep 5. The semicircle plate 

with radius R is hinged to crank 

OA and O1B in the diagram of the 

planar mechanism. 

OA=O1B=l,OO1=AB=2R。 

When crank OA turns, it can drive 

rod MN to move up and down 

through the semicircle plate. In the 

diagram at instantaneous, the 

angular velocity of crank OA is ω, 

and the angular acceleration is 

0.The included Angle of OO1 and 

horizontal line and the included Angle of CM and plumb line are φ=600. Try to find 

the velocity and acceleration of MN at the instantaneous ejector.  

     

SOLUTION:  

The relative motion (trajectory) is the curve along the edge of the semicircle plate; 

implicated motion is curve translation. 

1） Calculate the speed of MN ejecting rod 

According to the velocity composition theorem 

a e r
v = v + v  

Because the semicircle moves, so ve=vA=ωl, the velocity synthesis diagram (velocity 

parallelogram) is shown in figure 5 (a). 

The figure shows 

   





= = =

= = =

e

a 0

0

r e

v ωl
v 2ωl

cos cos60

v v tan ωltan60 3ωl  

Therefore, the velocity of MN bar is vMN=va=2ωl, and the direction of the lead is 

straight up. 

2） Find the acceleration of MN rod 

According to the synthesis theorem of acceleration involving motion is 

translational 

+n

a e r r
a = a + a a  

 The acceleration vector diagram is shown in Figure 5(b). Among them 

    

2
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e A r

v
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   Projection of acceleration vector equation along CM , it can be obtained 
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2

2 2 2

0

cos

cos60

,



= =

 = = =

n r

a r

r

MN a

v
a a

R

v 6 l
a a

RR ,it’s going to 

plumb down. 

 Exercise: In the diagram, the crank is known to rotate 

about O axis at an even angular velocity ω, OA=R. At 

the point in the figure, CB section is vertical and DCB is 

a whole. DC section slides in the slide with an 

inclination of 300. Calculate the velocity and 

acceleration of this instantaneous broken rod DCB. 

（
23

3
  ,


= n

e e a

R
v a a R= =

） 

 

 Exercise: The Graphic flat mechanism. Crank 

OA rotates around the axis with the regularity of 

)(
18

 
rad

t
 = , which drives the T-bar BCD to 

move around. The semi-circular plate with radius 

R is firmly connected to the T-bar. The small ring 

M moves along the semicircle plate according to 

the law of 2

1  tsMO == , OA=R=18cm, try to 

find: when t=3s (that is, the small ring M to the 

highest point of the semicircle plate), the speed 

and acceleration of the small ring M. 
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Ep 6. The semicircular CAM moves along an inclined plane with an inclination of 

β=300, driving OA to swing around O axis. As known, R=10cm, OA=20cm, at the 

position shown in Figure 6, the angle between OA and horizontal line is θ=300, φ=600, 

the CAM speed vA=60cm/s, and the acceleration is 0.Try to find the angular velocity 

and angular acceleration of the instantaneous OA bar. 

 

 

 

 

 

 

 

 

 

 

 

     

SOLUTION: 

Take point A on the OA bar as the moving point, the moving system is firmly 

connected to the CAM, the static system is firmly connected to the ground, and the 

absolute motion (track) is the circumference;The relative motion (trajectory) is the 

curve along the edge of the semicircle;The motion involved is translation.  

1）Velocity analysis 

According to the velocity composition theorem 

a e r
v = v + v  

Because the semicircular CAM moves in translation, so ve=vA=60cm/s, The resultant 

velocity diagram (parallelogram of velocity) is shown in figure 6 (a), and the resultant 

velocity vector is projected onto the Y-axis: 

   0

34.64cm/s

1.73rad/s

=

= =

= =

0 0

a e

0

a e

a

v cos30 v cos60

v v tan30

v

OA  

By geometric relations 

   = 34.64cm/s
r e

v = v  

2）Acceleration analysis 

   According to the synthesis theorem of acceleration involving motion is 

translational 

       
+n

a e r r
a = a + a a  

The acceleration vector diagram is shown in figure 6(b). Among them: 
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2

2 20, 60cm/s 120cm/s, = =

2

n na r

e a r

v v
a a = a

OA R
= =  

   The acceleration vector equation is projected onto the y-axis, and 

  

n

2

2

cos sin

-173.2cm/s

-8.66rad/s

,





+ = −

 =

=

a

0 n 0

a a r
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Turn clockwise. 

  

Exercise: Screen mechanism as shown in the figure, the 

crank OA=l1=15cm, the sleeve A is hinged to the OA bar, 

1 2
20 3cm=O B = O C , and

1 2
O B// O C . At the point in 

the figure φ=600, β=300, ω=2 rad/s，α=0。Try to find the 

angular velocity and angular acceleration of this 

instantaneous O1B bar. 

（ω1=1.5 rad/s, counterclockwise; α1=-2.16 rad/s2, counterclockwise.） 

 

 

 Exercise: The eccentricity of the eccentric wheel is OC= e. 

When the Angle between OC and the plumb line is θ, the 

velocity and acceleration of the T-shaped push rod are v and 

a , and the direction is shown in the figure. Find the angular 

velocity and angular acceleration of the instantaneous 

eccentric wheel.  
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a v

e e  , the angular velocity rotates 

counterclockwise and the angular acceleration rotates 

clockwise） 
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Ep 7. As shown in figure 7, the angular velocity and angular acceleration of crank 

AO1
 are known as 1  and 

1
 respectively, and a is known. Find the angular 

velocity and angular acceleration 2  and 
2
 of the right Angle bar BCO2

 at the 

position shown in the diagram. 

 

SOLUTION:   

Take A as the moving point, the moving  

system is firmly connected to O2BC, the static system 

is firmly connected to the ground, and the  

absolute motion (trajectory) is the circumference.  

The relative motion (trajectory) is plumb vertical line; 

the motion involved is a fixed axis rotation.  

1）Velocity analysis is shown in Figure 7 (a) 

According to the velocity composition theorem 

a e r
v = v + v  

In which ava 12=  

From the geometric relationship 

avv ae 12==  avv ar 122 ==  

1
22

 ==
a

ve
BCO

  counterclockwise. 

2）Acceleration analysis, as shown in Figure 7 (b) 

Calculate the Coriolis acceleration ava reC

2

142  ==  

According to the acceleration synthesis theorem: 

+ = + + +n n τ

a a e e r C
a a a a a a  

The equation is obtained by projection on the ξ-axis 

Ce

n

ea

n

a aaaaa −−=−− 45cos45cos45cos45cos   

In which 2 =
e 2

a a  

Solve it   = −2

2 1 1
2  

Counterclockwise. 

     

Ep 7(a) 

vr 

ve 

va 
A 

B 

C 

1

 1O

 

2O

 

1  

a a 

a 

ξ 

n

a
a  



a
a  

c
a  

n

e
a  



e
a  

r
a  

Ep 7(b) 

A 



Ep 8. Known the CAM in the CAM rod mechanism is an eccentric round wheel, as 

shown in Figure 8, its radius is R, eccentricity is E, and in speed of ω for equal 

angular speed rotation. When 90OCA = , calculate the speed and acceleration of rod 

AB. 

SOLUTION: 

Point A on the jacking rod AB is the moving point, the dynamic system is fixed with 

the eccentric disk, the static system is fixed with the ground, and the absolute motion 

(trajectory) is a plumb vertical line. The relative motion (trajectory) is the circle; The 

implicated motion is the fixed axis rotation of the dynamic system around O axis.  

1）Velocity analysis is shown in figure. 8 (a) 

According to the velocity composition theorem 

a e r
v = v + v  

In which 2 2

e
v = R + e  

From the geometric relationship, we get 

tan = 2 2

AB a e

e
v v = v θ = R + e

R  

cos
=

2 2

e

r

v R + e
v =

θ R  

2）The acceleration analysis, as shown in Figure 8 (b), calculates the known 

acceleration 

22 2
2 2

C e r

R + e
a = ω v = ω

R  

2 2 2 2
2

3

2 2 2

( )

=

n r

r

e

v R + e
a = = ω

R R

a R + e ω  

According to the acceleration synthesis theorem: 

= + + +n τ

a r r e C
a a a a a  

Projecting the equation on the η-axis: 
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There are other ways to solve this problem. Let the reader 

practice by himself. 

 Exercise: In the mechanism shown in the figure, the rocker 

O1A is always in contact with the semicircular CAM B with a 

radius of R. When the CAM B swings back and forth around 

the axis O, the rocker will swing around the axis O1. Suppose 

OB⊥OO1, θ=600, CAM B angular velocity is ω, angular 

acceleration is 0. Try to find the angular velocity and angular 

acceleration of the instantaneous rocker O1B.  
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Ep 9. The mechanism is shown in Figure 9, 

AB = CD = EF = l , and AB// CD//EF .At the 

position φ=600, rod AB rotates at a uniform angular 

speed ω. Try to find the angular velocity, angular 

acceleration of the instantaneous EF bar and the 

acceleration of the slider F.  

 

SOLUTION:  

The bar EF does plane motion. It can be seen from 

the velocity orientation of two points E and F, and 

point F is its instantaneous center.  

Because the bar BD does translation, so 




 

=

 = =

E B

E

EF

     v = v l

v l
=

EF l  

   Select basic point E and analyze point F. The acceleration vector diagram is 

shown in Figure. 9. According to the acceleration synthesis theorem: 

    = + +n τ

F FE FE E
a a a a  

In which: 

     

2

2 2=

E B

n

FE FE

a = a = lω

a ω l = lω  

Projection of acceleration vector equation in EF direction, it can be obtained as 

follows: 

2 2
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Projection of acceleration vector equation in 


FE
a  direction, it can be obtained as 

follows: 

2

2

cos60

2 3
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2 3

3
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 Exercise: As shown in the figure, crank OA rotates 

around O axis with uniform angular speed ω. Known: 

OA=r, AB=4r. Try to find the angular velocity, angular 

acceleration of triangle ABC and the acceleration of 

slider B when crank OA is perpendicular to the bottom 

edge of triangle AB.  

(
2 22 5

4 4 16
 ,


    =  =

B
    = a r   
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Ep 10. Rod AB, BD and disk C are hinged together and 

supported as shown in figure. 10 (a). Known: 

AB=BD=OD=2R, it is shown that instantaneous A, B and D 

are in the same horizontal and linear position, while OD lead 

position. At this moment, the angular velocity of AB bar is 

o
  and the angular acceleration is 

o
 . Calculate the angular 

velocity and angular acceleration of the disk around axis O at 

this moment.  

SOLUTION: 

The bar BD moves in a plane. According to the velocity azimuth of two points B and 

D, point D is their instantaneous center. So  

    0=Dv  2
B 0

v = ω R  

    =D

OD

v
ω = 0

OD
 

Select base point B and analyze point D, whose acceleration 

vector diagram is shown in Figure. 10 (b). According to the 

acceleration synthesis theorem: 

      = + +n τ

D DB DB B
a a a a  

In which： 

     Ran

B

2

02=   Ran

DB

2

02=  

      

Projection of acceleration vector equation in ξ-axis direction, it can be obtained as 

follows: 
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Exercise:As shown in the figure, crank OA rotates about O axis at a uniform angular 

velocity ω. Find the angular velocity and angular acceleration of the bending rod O1B. 

( 22 ,
O O

   =
1 1

    = ) 

Ex 13: The parallelogram mechanism is shown in the figure. Known: 

AB=CD=l=40cm, BC=AD=b=20cm. The crank AB rotates about the axis A with an 

uniform angular velocity ω=3rad/s. Try to find the angular velocity and angular 

acceleration of bar BC when CD⊥AD.  

（ 28rad/s 20rad/s ,  =
BC BC

    = ） 

     



Ep 11. In the mechanism is shown in Figure. 11, the crank OA length is R, the bar AB 

length is l, and the radius of the pure rolling round wheel is r at the uniform angular 

velocity ω around O-axis. Try to find the angular velocity and angular acceleration of 

bar AB and round wheel when OA is at horizontal, and φ=300.  

SOLUTION: 

The instantaneous center of bar AB and circular rotation motion is C and D 

respectively.  
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0
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R
 v = CB AB sin

Rv

r r  

Select base point A and analyze point B, whose acceleration vector diagram is shown 

in Figure 11(b). 

 

In which, 

2 2

2 2 4

3


 = = n n 0

A 0 BA AB

R
a R,   a AB =

l    

According to the acceleration synthesis theorem: 

      = + +n τ n

B BA BA A
a a a a  

Project the above equation in ξ-axis direction, it can be 

obtained as follows: 
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Project the above equation in η-axis direction, it can be obtained as follows: 
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Exercise: As shown in the figure, the right triangle plate OABC rotates around the O 

axis. Point A is hinged to A disk with radius r, and the disk rolls purely in a surface 

with radius R. Known: OA=BC=30cm,r=10cm,R=40cm.At the moment in the figure, 

the angular velocity of the disk is ω=2rad/s, OA plumb, AB⊥BC. Try to find the 

velocity and acceleration of slider C.圆盘角速度，OA 铅垂，。试求滑块 C 的速度和

加速度。 

(vC=5cm/s, aC=11.6cm/s2) 

 

Exercise: The mechanism is shown in the figure. It is known that the length of OA is 

r, the angular velocity is ω, the length of O1B is 5r, the length of AB and BC is 6r. 

When OA and O1B are upright, try to find the velocity and acceleration at point C. 
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A   

O  

D  

M  

Ep 1(a) 

Kinetic  

    Ep 1: Homogeneous rod length of AB  and OD are l , quality are m , vertical 

consolidation into a T, and D  is the midpoint of AB  rod, placed in a vertical plane, 

as shown in figure (a), the t-shaped pole can turn round smooth horizontal axis, still at 

the beginning of the system, OD  pole of the vertical. Now the system turns under 

the action of couple mglM


20
= . Try to find out the angular velocity, angular 

acceleration and the reaction force at bearing O of the T-bar 

when the OD bar moves to the horizontal position. 

SOLUTION:  

Take the T-bar as the research object, when it moves to the 

horizontal position of OD bar, the force and movement are 

shown in the figure, and the coordinate as shown in the figure 

is established. 

    （1）Angular velocity  is determined by the kinetic energy theorem. 

    The kinetic energy of the initial instantaneous system: 01 =T  

When OD rod reaches the horizontal position, the kinetic energy of the system is: 
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The work done by all the forces in the 

process is: 

        

mglmgl
l

mgMW
2

17

22
12 =−−=


 

By the kinetic energy theorem for the system of particles 1212 WTT =− , we 

have 

                         mglml
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0

24

17 22 =−  

 A  
 

M  

B  

O  
D  

gm  gm  

OxF  

OyF  

n

Ea  



Da  

n

Da  

    

Ep 1(b) 



Ea  

E  

x  

y  



The angular velocity is:     
l

g

l

g 3
2

12
== （Counterclockwise） 

    （2）Angular acceleration  is determined by the moment theorem (or the 

differential equation of fixed axis rotation). 

    The moment of momentum of T-bar to O axis is: 

     2

12

17
mlJL OO ==  

According to the moment of momentum theorem of particle system, 

)(FmL
dt

d
OO


=  

           mgl
l

mgMml −−=
212

17 2  

The angular velocity is:     )340(
17

6



 −=

l

g
（Counterclockwise） 

    Of course, angular acceleration can also be obtained from the differential 

equation of fixed axis rotation )(FmJ OO


= . 

    （3）Use the law of motion of center of mass (or momentum theorem) to find the 

constrained reaction of bearing O.  

    By the center of mass motion theorem, 
e

xCx FMa = ，
e

yCy FMa =  

                       

mgFmama

Fmama

OyDE
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n
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n
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In which: 2

2


l
a n

E = ； 

2

l
aE = ； 2la n

D = ；  laD = , plug in the above equation, 

we get 
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    Of course, it can also be solved by the momentum theorem. 

     



Exercise: The T-bar in the above example is only under the action of dead 

weight. Find out the angular velocity, angular acceleration and reaction force at 

bearing O of T-bar when OD bar rotates from horizontal position to vertical position 

from static position.  

Exercise: The homogeneous rod OAand AB , the length are lOA = , lAB 2= , 

total mass is m3 , the bar is vertically consolidated and placed 

in the vertical plane of the lead, as shown in the figure. The bar 

can be rotated about a smooth horizontal axis. The system is 

stationary at the beginning and the OA bar is horizontal. Try to 

find out the angular velocity, angular acceleration and reaction 

force at bearing O of OA bar when it turns to plumb position.  

A  

B  

O  

Ex 2 



Ep 2. The mass of the homogeneous disk is m , the radius is R, the spring 

stiffness is k , and the original length is R. The disk is released without muzzle 

velocity at the position shown in Figure (a) . Find the angular 

velocity, angular acceleration and the 

reaction force at bearing O when the 

disc moves to the lowest position.  

SOLUTION:  

When the system moves to the 

position shown in Figure (b), the 

force and movement are shown in the figure, and the coordinates are established as 

shown in the figure. 

    （1）Calculate the angular velocity  . 

    The kinetic energy of the initial instantaneous system: 01 =T  

When we go to the final state, the kinetic energy of the system is: 

             
22222
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3
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 mRmRmRJT O =+==  

The work done by all the forces in the process is: 

          )222(
2

1
)2(

2

1 222

12 −−=−−+= kRmgRRRRkmgRW  

By the kinetic energy theorem for the system of particles 1212 WTT =− ,we 

have  

                  )222(
2

1
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4

3 222 −−=− kRmgRmR   

Solve it, we get       




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
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m
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g
   （Suppose k is small enough, 

satisfy 2 > 0 ） 
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（2）Calculate the angular acceleration  . 

    Since the external forces pass through the O-axis, so 0)( = FmO


, derived 

from the differential equation of the fixed axis rotation of the rigid body: 

)(FmJ OO


= , we get 0=  

（3）Find the constraint reaction of bearing O. 

By the center of mass motion theorem 
e

xCx FMa = ，
e

yCy FMa = , we have 

                         
mgFFma

Fma

OyCy

OxCx

−+=

=
 

In which: 0=Cxa ； 2RaCy = ； kRF =  , plug in the above equation, we get 
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 Exercise: As shown in the figure, the 

homogeneous rod has a mass of m and a length of 

l , and can be rotated around the rotation axis O of 

3l at the end point. Find out the angular velocity, 

angular acceleration and constraint reaction of 

bearing O when the bar rotates from horizontal position to any position from static 

position. 
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Ep 3. As shown in Figure (a) , a homogeneous square plate with a mass of m  

and a side length of l  is in a static state at the beginning. It falls clockwise after 

slight disturbance without any friction. Find the angular velocity, angular acceleration 

of the plate and the reaction force at bearing O when the OA side is in a horizontal 

position.  

 

 

 

 

 

 

 

SOLUTION:  

When the plate moves to the position shown in Figure (b), the force and 

movement are shown in the figure, and the coordinates are established as shown in the 

figure.  

  （1）Calculate the angular velocity  . 

    The kinetic energy of the initial instantaneous system:  01 =T  

When in the final state, the kinetic energy of the system is: 
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The work done by all the forces in the process is: 
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By the kinetic energy theorem for the system of particles 1212 WTT =− , we 

have 
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（2）Calculate the angular acceleration  . 

The differential equation for a fixed axis rotation by a rigid body is: 

 )(FmJ OO


=  

23

2 2 l
mgml =  

Thus:                        
l

g

4

3
=  

（3）Find the constraint reaction of bearing O. 

By the center of mass motion theorem : 
e

xCx FMa = , 
e

yCy FMa = , 
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In which:  laC
2

2
= ; 2

2

2
la nC = , plug in the above equation, we get 

mgFmgF OyOx
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Exercise: The homogeneous square sheet has a mass of m 

and is supported by hinge A and soft rope BC, as shown in the 

figure. When the plate rotates 90 after the soft rope is cut, 

calculate the angular velocity, angular acceleration of the plate 

and the constrained reaction force of hinge A. 
Ex 4 
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Ep 4. The homogeneous rod has a mass of m and its 

two ends are suspended on two parallel lines. The rod is in 

a horizontal position, as shown in Figure (a). Suppose one 

of the ropes breaks suddenly, find the tension of the other 

rope at that moment. 

SOLUTION:  

Take the bar as the research object, the force and 

movement are shown in Figure (b), and establish the 

coordinate as shown in the figure.By the differential 

equation of the plane motion of the rigid body, we have: 

(3)
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At the moment the rope breaks, 0=AB , 0=Av , A  only has tangential 

acceleration 
Aa , The normal acceleration is 0=n

Aa , taking A as the base point, the 

acceleration at point C is analyzed as shown in Figure (b). 

From: n

CACAAC aaaa ++= 
 , project each vector onto the y-axis, and get 

(4)
2
 l

aa CACy −=−=  

To solve the above four equations simultaneously, it can be obtained: 

mgFTA
4

1
=  

 Exercise: The homogeneous rod has a mass of m 

and a length of l, and it is suspended by two equal 

lengths of ropes as shown in the figure. Find the angular 

acceleration of the rod and the tension of the other rope 

when one rope is suddenly cut. 
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Ep 5. In the system shown in the figure, it is 

known that the mass of the homogeneous rod is m , 

30= , 60= . Try to find the reaction force 

(excluding the mass of slider A) and the angular 

acceleration of bar AB when rope OB suddenly cuts the 

instantaneous chute.  

SOLUTION:  

At the moment when the rope OB is cut, the angular 

velocity of the bar is zero, but the angular acceleration is 

not zero. The force and motion analysis of the bar AB are 

shown in Figure (b). Set up the graph coordinates. By the 

differential equation of the plane motion of the rigid 

body, we have: 

)1(NCx Fmgma −= cos  

sinmgmaCy =  

)2(
212

1 2 l
Fml N =  cos  

If A is the base point, then the acceleration at C is n

CACAAC aaaa ++=  ， 

In which: 0=n

CAa , project each vector onto the x-axis, and get 

)3(
2

 coscos
l

aa CACx ==  

Simultaneous solutions (1), (2) and (3), it can be obtained as follows: 
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 Exercise: Homogeneous thin rod AB is l in length 

and m in mass. At first, the rod stands upright on a 

smooth plane with horizontal obstacles. Due to minor 

interference, the rod is tipped around point B as shown in 

the figure. Find out the angular velocity, angular 

acceleration of AB bar and the binding force at B when 

the B end is not detached from the obstacle. 
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Ep 6. As shown in the figure, the homogeneous 

rod has a mass of m and a length of 2l. It is held on a 

smooth horizontal plane by OA, a thin rope of l. Figure 

out the velocity of point B, constraint reaction of the 

ground and tension of the rope when sliding from the 

position shown in the figure to the dotted line 

position.

SOLUTION: 

（1）Calculate the velocity at point B by the kinetic energy theorem. 

    Rod AB was taken as the research object, 

and the force and motion analysis were shown 

in Figure (b). Set up the coordinates in graph. 

Since the system starts from static motion, the 

kinetic energy of the initial instantaneous 

system:    01 =T  

When the AB bar moves to the dotted line 

position, it performs instantaneous translational action, which the kinetic energy of 

the system is: 

                2

2
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1
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The work done by all the forces in the process is  

mgllllmgW
2

1
)3(

2

1

2

3
12 =








−−=  

By the kinetic energy theorem for the system of particles, 1212 WTT =−       
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    （2）Find the constraint reaction of the ground and the tension of the rope. 

As the bar AB moves to the dotted line, 0= e

xF , Therefore, the acceleration of 
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the center of mass in the vertical direction is determined by the differential equation 

of motion in the plane of the rigid body: 

(2))2(
12

1
)(

(1)

2 lmlFF

mamgFF

NBTA

CTANB
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 In equations (1) and (2), there are four unknowns, 

so kinematic analysis is required and supplementary 

equations are listed. 

   Taking A as the base point, the resultant vector 

diagram of acceleration at Point B is shown in 

Figure (c), where 

(3)n

BABA

n

AAB aaaaa +++=   

In which: 0=n
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l
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v
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Project equation (3) onto the y-axis, and get 
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    Then, taking A as the base point, the resultant vector 

diagram of acceleration at point C is shown in Figure (d), 

where 

(4)n
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n

AAC aaaaa +++=  In 

which: 0=n

CAa ,  laCA = , project equation (4) onto the y-axis, and get 

222

gg
gl

l

g
gaaa CA

n

AC =−=−=−= 


 cos
cos

cos  

From the geometric relation, get 
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=cos , plug  , Ca  and cos into 

equations (1), (2), and get 
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Ep 7. As shown in the figure, wheels A 

and B can be regarded as homogeneous disks, 

with radius R and mass
1m . The rope around 

the two wheels is attached to block C. Let 

block C have a mass of 
2m and be placed on 

an ideal smooth horizontal plane. Apply a constant couple M on wheel A. Find the 

tension of the rope between wheel A and the block.  

SOLUTION:  

Firstly take the system as the research object and use the kinetic energy theorem. 

Suppose the kinetic energy of an instantaneous system is 
1T (constant), when wheel A 

turns angle , the angular velocity is  , and the kinetic energy of the system is  

22

2

2

2 12

1
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1
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In which: 2

1
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RmJJ OO == , plug it in the equation above and we get 
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    The work done by all forces in motion: MW =  

By the kinetic energy theorem for the system of particles: WTT =− 12 , 

We have，  MTRmm =−+ 1

22

21 )(
2

1
 

Take the derivative of both sides of this equation with respect to time, 
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d
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Then take Wheel A as the research object, and the force is shown in Figure (b). 

The differential equation for a fixed axis rotation by a 

rigid body,  

                     RFMJ TAO −=  

Which is                  RFMRm TA−=21
2

1
 

Plug   in, and we can get 
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 Exercise: The system in the figure, the mass of A is m1, the mass of B is m2, the 

radius of gyration of central axis is  , the radius of the wheel axis is r, the radius of 

the outer wheel is R, the mass of homogeneous 

disk D is m3, and the radius is also R. It can 

make pure rolling along the inclined plane with 

an inclination angle of . Regardless of rope 

weight and friction at O-axis, the system is 

initially stationary. Try to find the velocity and 

acceleration of block A and the friction between 

the disk and the inclined plane when the disk center C moves downward along the 

inclined plane s. 
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Ep 8. As shown in the figure, the weights of 

homogeneous wheel O1 and homogeneous wheel 

O2 for pure rolling are P, the radius is R, the 

stiffness coefficient of the spring is k, and the 

inclination angle of the inclined plane is  . At 

the beginning, the system is stationary, and the 

spring is at the original length. There is no slip between the rope and the wheel O2. 

The inclined section of the rope is parallel to the inclined plane, and the other section 

is horizontal. Calculate: 

    （1）The maximum distance the wheel O1 can reach; 

    （2）The acceleration of the center of the wheel O1 at this time; 

    （3）Tension in the AO1  section of the rope. 

SOLUTION: 

 （1）Taking the system as the research object, the 

force is shown in Figure (b). 

The kinetic energy of the initial instantaneous 

system     01 =T  

If the maximum distance of wheel O1 is l, then the 

kinetic energy of the final state system 

           02 =T  

The work done by all forces in motion:  

2

2

1
klPlW −= sin  

 By the kinetic energy theorem for the system of particles WTT =− 12 , 

              
2

2

1
0 klPl −= sin  

So:     
k

P
l

sin2
=  

（2）Taking the system as the research object, the kinetic energy of the initial 
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instantaneous system is 01 =T  

 

When the descent distance s of 

wheel O1 is set, the velocity and angular 

velocity of the wheel center are shown in 

figure (c), then the kinetic energy of the 

system is 

2

2

22

1

22

1

2

22

2

11

2

12
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1

2

1

2
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1
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1
 )()( R

g

P
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g

P
v

g

P
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Due to 211  RRv == , so 

2

1

2

1

2

1

2

12
4

1

4

1

2

1
v

g

P
v

g

P
v

g

P
v

g

P
T =++=  

The work done vigorously in the process of motion: 

22

2

2

1
2

1
)(

2

1
ksPskPsW −=−+=  sinsin  

By the kinetic energy theorem for the system of particles WTT =− 12 , we 

have 

22

1
2

1
ksPsv

g

P
−= sin  

The derivative of both sides of the above equation with respect to time, then: 

   1111 2
2

1
2 svkvPav
g

P
−= sin  

P

gksP
a

2
1

)sin( −
=


 

When 
k

P
sls

sin2
, == , we get 






sin

)
sin

sin(

g
P

g
k

P
kP

a
2

1

2

2

1 −=

−

=  

（3）Find the tension of the rope AO1 .。 
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Take the wheel as the research object, and the force is shown in Figure (d). The 

differential equation of a fixed axis rotation by a rigid body is 

RFRFJ KT −=2  

In which:  klksFR
g

P
J K === ,2

2
2

1
, plug it in, and: 

RklFR
g

P
T )( −=2

2

1
 






sinsinsin

sin
)sin(

PP
P

k

P
kg

g

P
kla

g

P
klR

g

P
FT

4

7
2

4

2

2

1

2

1

2

1

2

1
1
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+−=+=+=

 

 Exercise: An inextensible string wound 

around roller A, over fixed pulley B and 

connected to block C of mass m at the other end. 

Fixed pulley B and roller A can be regarded as 

homogeneous disks with mass m and radius R. 

Roller A rolls purely on the horizontal plane, and 

the roller center is connected to A spring with A stiffness coefficient of k, as shown in 

the figure. Assuming that there is no relative sliding between the rope and the pulley, 

the friction at bearing O, the weight of the rope and spring are not taken into account. 

If the system is released at rest without deformation of the spring, block C begins to 

fall, try to calculate:  

（1）The velocity and acceleration of the mass C at the descent distance h; 

（2）Tension of AB rope; 

（3）The friction between the horizontal plane and the roller. 
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Ep 9. The OA and AB hinge joints of two homogeneous rods 

of length l and weight P are shown. The slider B is confined 

to the vertical slot. If the system has no muzzle velocity 

release when the OA bar is in the horizontal position, try to 

find the velocities at Points A and B when the AB bar moves 

to the horizontal position, regardless of the friction and the 

mass of the slider B.  

SOLUTION:  

Taking the system as the research object, the kinetic 

energy of the initial instantaneous system is: 01 =T .                      

When the system moves to the dotted line in the figure, the bar AB moves in a 

plane. The velocity at point A is in the horizontal direction, and the velocity at point B 

is in the vertical direction. Therefore, it can be determined that point A is the 

instantaneous center of velocity, so 0=Av  

The kinetic energy of the system is:  2222

2
6

1
))(

3

1
(

2

1

2

1
B

B
ABA v

g

P

l

v
l

g

P
JT ===   

The work done vigorously in the process of motion: PllP
l

PW 2
2

3

2
=+=  

By the kinetic energy theorem for the system of particles WTT =− 12 , we 

have Plv
g

P
B 20

6

1 2 =−  

Thus:                      glvB 32=  
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Ep 10. The homogeneous fine rod OA can rotate about the 

horizontal axis O, and the other end is hinged to a 

homogeneous disk, which can rotate freely around A in the 

lead plane, as shown in the figure. Given that bar OA is l in 

length, 
1m  in mass, R in radius of disk, 

2m  in mass, 

regardless of friction, bar OA is initially horizontal and bar 

and disk are stationary. Find the bar's angular velocity and angular acceleration at an 

angle   between the bar and the horizontal line. 

SOLUTION:  

Take the system as the research object. When the system moves to the position 

shown in the diagram, the force and movement are shown in Figure (b). 

The initial instantaneous system is static, so the kinetic energy of the system is: 

                01 =T  

When the bar moves at an angle   to the horizontal, due to the disk, the 

system's kinetic energy will be: 

2

2

2

2
2

1

2

1
AO vmJT +=   

In which: lvmlJ AO == ,2

3

1
, plug it in and: 

22

212
2

1

6

1
lmmT )( +=  

The work done vigorously in the process of motion: 

 sinsin glm
l

gmW 21
2

+=  

By the kinetic energy theorem for the system of particles WTT =− 12 , 

 sinsin glm
l

gmlmm 21

22

21
2

0)
2

1

6

1
( +=−+  

The angular velocity of the bar is     
lmm

mmg
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+

+
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
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sin
 

The derivative with respect to time is the angular acceleration of the bar   
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Ep 11. Block A, with mass 
1m , slides down the 

slope of wedge D, while block B, with mass 
2m , 

rises by a rope that bypasses pulley C, as shown in 

the figure. The inclined plane is  angle to the 

horizontal, and the mass of the pulley and rope and 

any friction are ignored. Find the horizontal 

pressure of wedge D acting on convex part E.  

SOLUTION: 

    Taking the system as the research object, the 

force is shown in Figure (b), and the coordinate as 

shown in the figure is established. The kinetic energy 

theorem is applied. 

Let the kinetic energy of an instantaneous system 

be 
1T (constant). When block A slides away from s, 

the velocities of A and B are both v, and then the kinetic energy of the system is: 

 2

212 )(
2

1
vmmT +=  

The work done by all forces in motion: sgmgmW )( 21 −= sin  

By the kinetic energy theorem for the system of particles: WTT =− 12 , 

sgmgmTvmm )()(
2

1
211

2

21 −=−+ sin  

So take the derivative of both sides of this equation with respect to time, and we 

get this: gmgmamm 2121 )( −=+ sin  

The acceleration of A that we solve for is: 
21

21

mm

gmgm
a

+

−
=

sin
 

    By the center of mass motion theorem = e

xCx FMa , ExFam =cos1  

We get:                


cos
sin
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 Exercise: In the diagram, it is known that the mass of block A is m , the mass of 

drum wheel B is M , the inner diameter is r , the outer diameter is R , the revolving 

radius of its central axis is  , the mass of 

homogeneous wheel is m, the radius is r , and pure 

rolling is carried out on the horizontal plane. The 

system starts at rest. Calculate:  

（1）The velocity and acceleration of the center of 

wheel C when the block A falls to the height of h; 

（2）The tension of the horizontal rope CD; 

（3）The horizontal friction acting on wheel C. 

A 

B 
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Ep 12. Roller A has a mass of 
1m  and rolls down the 

inclined plane with an inclination of   only without 

sliding, as shown in the figure. The roller lifts block C 

of 
2m by stepping over pulley B's rope, while pulley 

B rotates around the O-axis. Roller A and pulley B 

have the same mass, the same radius, and are 

homogeneous disks. Find the acceleration of the center of gravity of the roller and the 

tension of the rope attached to the roller.  

SOLUTION: 

    Taking the system as the research object, the 

force and motion analysis are shown in the figure. 

Let the kinetic energy of an instantaneous 

system be 
1T (constant), when the downward motion 

distance of roller A is s, the kinetic energy of the 

system is: 2

2

22

2
2

1

2

1

2

1
vmJJT OOAC

++=       

In which： 2

1
2

3
rmJ

C
= , 2

1
2

1
rmJO = , vrr OA ==  , plug in the equation above, 

we get: 2

212 )2(
2

1
vmmT +=  

The work done by all forces in motion: sgmgmW )( 21 −= sin  

By the kinetic energy theorem for the system of particles: WTT =− 12 , 

sgmgmTvmm )()(2
2

1
211

2

21 −=−+ sin  

So take the derivative of both sides of this equation with respect to time, and get: 

gmgmamm 2121 )(2 −=+ sin  

So the acceleration of the center of mass of the roller A is: 
21

21

2 mm

gmgm
a

+

−
=

sin
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Taking roller A as the research object, the force and 

movement are shown in figure (c), and the coordinate as 

shown in the figure is established. 

 By the differential equation of the plane motion of the rigid 

body, we have 

rFrmmJ

FFgmamFMa

sCC

Ts

e

xCx

==

−−==









2

1

11

2

1
:)(

:

F

sin

 

Noticed that: ar = , solve the above two equations simultaneously, and get: 
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Exercise: As shown in the figure, the homogeneous ring has a 

radius of r  and a mass of m , which can be used for pure 

rolling on the horizontal plane. A rigid bar AB is welded on the 

ring, with a length of r3  and a mass of m . At the beginning 

of the system, the AB bar is in the vertical position of the lead 

and starts to move from rest. 

Calculate: (1) the angular acceleration of the ring at the 

beginning of the movement, the friction force of the ground facing the ring and the 

magnitude of the normal reaction; 

(2) The angular velocity of the ring when the system moves to the horizontal 

position of AB. 

A 
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Ep 13. In the diagram, the mass of block A and B is m , the 

mass of both homogeneous round wheels C and D is m2 , 

and the radius is R. Wheel C is hinged to CK, a weightless 

cantilever beam; D is movable pulley; the length of beam is 

3R; there is no sliding between rope and wheel; the system 

starts from static motion. Figure out: 

     （1）The acceleration of block A rising; 

     （2）Tension of HE section rope; 

     （3）Binding force at fixed end K. 

SOLUTION: 

   （1）Taking the system as the research object, the force 

and motion analysis are shown in Figure (b). 

The initial instantaneous system is static, therefore 

01 =T  

When the distance in the above formula is s , the velocity 

is
Av , then the drop of B is

2

s
, the velocity is

2

Av , and the 

instantaneous center of the wheel D is at the point C .The kinetic energy of the 

system is:  

2222

2
2

1

2

1

2

1

2

1
DCBCCA JmvJmvT  +++=  

In which: 22 2
2

3
2

2

1

22
mRJmRJ

R

vv
v

R

v
CC

A
D

A
B

A
C ===== ,,,,   

Plug it in the equation above:       2

2
2

3
AmvT =  

The work done by all forces in motion: mgs
s

mg
s

mgmgsW
2

1

2
2

2
=++−=  

By the kinetic energy theorem for the system of particles: WTT =− 12 , 

mgsmvA
2

1
0

2

3 2 =−  

We take the derivative of both sides with respect to time, and we get that the 
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acceleration of block A going up is: gaA
6

1
=  

（2）The local system composed of block A and wheel C is taken as the research 

object, the force is shown in Figure (c), and the coordinates are 

established as shown in the figure. 

By the moment of momentum theorem = )(Fm
dt

dL
C

C


, 

mgRRFRmvJ
dt

d
TEACC −=+ )(   

In which: 22
2

1
mRJvR CAC == , , plug it in and: 

mgFTE
3

4
=  

By the center of mass motion theorem, we have: 

TECyA

e

yCy

Cx

e

xCx

FmgmgFmaFMa

FFMa

−−−==

==




2:

0:
 

 The binding force at hinge C can be solved as: mgFF CyCx
2

9
0 == ,  

（3）Taking the beam CK as the research object, the beam is in an equilibrium 

state and the stress is shown in Figure (d), and the coordinate as shown in the figure is 

established. 

03:0

0:0

0:0

=−=

=−=

=−=







CyKK

CyKyy

CxKxx

FRMFm

FFF

FFF
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The binding force of fixed end K is obtained:  

mgRMmgFF KKyKx
2
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2

9
0 === ,,  
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Ep 14. As shown in the figure, a metal plate with a 

mass of M is placed on a smooth horizontal plane. 

There is a homogeneous cylinder with a radius of R 

and a mass of m on the plate, which can only make 

pure rolling on the plate. Now there is an ordinary 

force F pulling the metal plate. Calculate the acceleration of metal plate and angular 

acceleration of cylinder rolling.  

 

SOLUTION:     

1．  Using the rigid body plane motion differential 

equation, a cylinder is first taken as the research object. The 

force and motion analysis are shown in Figure (b). From the 

rigid body plane motion differential equation: 

(2))
2

1
(

(1)

2 RFmR

Fma

SA

SAO

=

=


         

Then take the metal plate as the research object, and the force is shown in Figure 

(c). According to the motion theorem of the center of mass: 

(3)SAFFMa −=  

Study the motion of a cylinder, take A as the base point, 

then the acceleration at O point is: n

OAOAAO aaaa ++=   

Projection of the resultant acceleration vector equation to 

the horizontal direction: (4)RaaO −=  

Because SASA FF = , Simultaneous solutions to equations (1) 

- (4), can obtained: 
RmM

F

mM

F
a

)3(

2

3

3

+
=

+
=   

2． Application of D'Alembert's Principle (dynamic and static method) 

Cylinder and metal plate are respectively taken as the research objects. A cylinder 

O
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Ep 14(b) 
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Ep 14(c) 
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moves in a plane while a metal plate moves in a translational motion. Suppose inertial 

forces and inertial couple are added, as shown in Figure (d) (e). 

 

 

 

 

 

 

In which: OIO maF = ，  )
2

1
( 2mRJM OIO == ， MaFI = , the direction is shown. 

From D'Alembert's principle: 

For a cylinder: :0= xF  0=− IOSA FF  , (5)0=− OSA maF  

0:0)( =−= IOSAO MRFFm , (6)0
2

1 2 =− )( mRRFSA  

    For metal plates: :0= xF 0=−− ISA FFF  , (7)0=−− MaFF SA  

Considering SASA FF = , the kinematics relation (4) and the equations (5) - (7) can be 

solved simultaneously, and the same result can be obtained. 

 Solution 3: Apply the Lagrange equation 

Taking the system as the research object, the 

system has two degrees of freedom. x and  are taken 

as generalized coordinates, as shown in Figure (f). The 

main force of the system is: gM 、 gm 、F . 

Kinetic energy of the system: 

2222222
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  mRxmRxmMmRRxmxMT +−+==−+=

 Do the derivative: 




mRxmM
x

T
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


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



x

T
； 


mRxmM

x

T
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d
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


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



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2

3
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T
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


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




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



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3
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d
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
 

Calculate generalized force: 
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 
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




W
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By Lagrange's equation: 

xQ
x

T

x

T

dt

d
=




−




)(


， 


Q

TT

dt

d
=




−




)(


, 

(8))( FmRxmM =−+   

(9)0
2

3 2 =+−  mRxmR  

Simultaneous solutions to equations (8) and (9), can obtain the same result: 
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 Exercise: In the graphical system, it is known that cylinder A 

has a mass of M and a radius of r , and can be used for pure 

rolling on a fixed horizontal plane. The length of the single 

pendulum rod is l . The mass of the pendulum B is m, and the 

mass of the pendulum rod is excluded. Take x and  as 

generalized coordinates. 

(1) Write down the kinetic energy of the system; 

(2) Find the generalized force of the corresponding generalized coordinates (or 

write out the Lagrangian function); 

(3) Use Lagrangian equation to find the differential equation of system motion. 
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Ep 15. The triangular prism ABC shown in the 

figure has a mass of M. Placed on a smooth 

horizontal surface, it can slide without friction. 

Homogeneous cylinder O with mass m and 

radius r rolls purely along the inclined plane 

AB from rest, if the inclination angle of the 

inclined plane is  . Given that the system is moving from rest, try to find the 

acceleration a of the triangular prism and the acceleration 
ra of the center of the 

cylinder relative to the triangular prism.  

SOLUTION:  

    1: Applying the general theorem of dynamics. 

Taking the whole system as the research object, 

the force and motion analysis are shown in Figure (b), 

and the coordinate as shown in the figure is 

established. 

    Because 0= e

xF , and the initial system is at 

rest , so 0=xp . 

Suppose the velocity of the triangular prism sliding to the left is v , and the 

velocity of the cylindrical centroid O relative to the triangular prism is 
rv , then: 

0)( =−+−= vvmMvp rx cos , we get:  (1)v
m

mM
vr

cos

+
=  

Since the system is initially stationary, so 01 =T ; The kinetic energy of the 

system when the cylinder rolls down the slope for distance s: 
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Substitute Equation (1) into the above equation, and get: 
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  (2)2)(3
4

22

22 vmmM
m

mM
T 


cos

cos
−+

+
=  

The work done by all forces in motion:  = sinmgsW  

By the kinetic energy theorem for the system of particles, WTT =− 12 ,we 

have:   


sincos
cos

mgsvmmM
m

mM
=−+

+ 22

2
2)(3

4
 

Take the first derivative of both sides of the above equation with respect to time, and 

notice that a
dt

dv
= and v

m

mM
v

dt

ds
r

cos

+
== , can obtain: 

                      (3)
2)(3

2
2 



cos

sin

mmM

mg
a

−+
=  

The first derivative of both sides of equation (1) with respect to time, can get 

                          a
m

mM

dt

dv
a r
r

cos

+
==  

Substitute a into the above equation and we get: 

      (4)
2)(3

)(2
2 



cos

sin

mmM

gmM
ar

−+

+
=  

2: Apply the differential equation of motion in a rigid body plane 

 The triangular prism and cylinder are respectively taken as the research objects, and 

the forces are shown in (c) and (d), and the 

coordinates are 

established as 

shown in the figure. 

 

 

 

 

 

   

For triangular prism: by the motion theorem of the center of mass 

(5)1  cossin SN FFMa −=  
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(6)0 1  sincos SNN FFMgF −−−=  

For a cylinder: its center of mass does a point of resultant motion, the dynamic system 

is taken on a triangular prism, and the resultant theorem of acceleration with the 

involved motion as translational motion is as follows: reO aaa += , where the 

associated acceleration is aa =e , and the relative acceleration is: 

(7)rar =  

Projection of the resultant acceleration vector reO aaa += onto the x and y axes,  

and we obtained: 

                        (8)rOx aaa +−= cos  

(9)sinaaOy −=  

By the differential equation of the plane motion of the rigid body, we have 

(10)SOx Fmgma −= sin  

                          (11)1 cosmgFma NOy −=  

(12))
2

1
( 2 rFmr S=  

In which: 11 NN FF = ， SS FF = . Eight unknowns can be obtained by solving the eight 

equations (5) - (12) simultaneously. Where a and
ra are as shown in equations (3) and 

(4), get the same result.  

3: Application of D 'Alembert's Principle (dynamic 

and static method) 

Take the whole as the research object, the force is 

shown in Figure (e), and establish the coordinate as 

shown in the figure. The imaginary inertial force at the 

center of mass of the prism is aF MI −= . The 

imaginary implicated inertia force on the cylinder 

center of mass O is aF mIe −= and the relative inertia 

A

BC

O



Ep 15(e) 
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gM  

gm  

a  
ra

 

  

IF  

IeF  

IrF  

IM 



force is rIr maF −= , and the virtual added moment of inertia is OI JM −= .  

    By D 'Alembert's principle: 00 =−+= cos: IrIeIx FFFF  

Which is 0=−+ cosrmamaMa , (13)a
m

mM
ar

cos

+
=  

   Then take the cylinder as the research object, and the force is shown in Figure (f). 

On the cylinder center of mass O, the imaginary implicated inertia force is aF mIe −= , 

the relative inertia force is rIr maF −= , and the virtual added 

moment of inertia is OI JM −= . 

By D 'Alembert's principle: 

0:0)( =−−+=  sincos mgrrFrFMm IeIrIH F  

Which is: 0))(
2

1
( 2 =−−+  sincos mgrmarrma

r

a
mr r

r  

             (14)
2

3
 cossin agar +=  

To solve equations (13) and (14) simultaneously, the results are shown in 

Equations (3) and (4), and the same results are obtained. 

4: Apply the Lagrange equation 

Taking the system as the research object, the system 

has two degrees of freedom. x and  are taken as 

generalized coordinates, as shown in Figure (g).  

The main forces of the system are gM and gm . 

Kinetic energy of the system :


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
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Do the derivative: 

 cos


mrxmM
x

T
−+=




)( ； 0=





x

T
；  cos


mrxmM

x

T

dt

d
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


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O
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Calculate the generalized force: 
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0
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


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




 sin
sin
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mgrW
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From the Lagrangian equation, xQ
x

T

x

T

dt

d
=




−




)(


, 


Q

TT

dt

d
=




−




)(


, we get: 

(15)0)( =−+  cos mrxmM  

(16)
2

3 2  sincos mgrrxmmr =−   

Considering ax = ， rar = , to solve equations (15) and (16) simultaneously, the 

same result can be obtained. 

Exercise: As shown in the figure, the wheel is a homogeneous disk 

with a mass of 
1m and a radius of R. The wheel center O and the 

weight A can only move along the straight direction. The mass of 

the weight A is 
2m , the spring stiffness coefficient is k , and the 

original length is 
0

l . Take x and   as generalized coordinates.  

(1) Write down the kinetic energy of the system; 

(2) Find the generalized forces corresponding to the 

generalized coordinates;  

(3) Try to find the differential equation of motion of the 

system.  

 Exercise: As shown in the figure, the mass of homogeneous 

cylinder A and B is 
1m and 

2m , and the radius is 1r and 
2r , 

respectively. Cylinder A may rotate about a fixed axis O. One rope 

is wrapped around cylinder A and the other end of the rope is 

wrapped around cylinder B. The mass of the string and the friction 

of the bearing are neglected. Calculate: 

(1) Write the kinetic energy of the system with 
1  and 

2  as the 

generalized coordinates; 

Ex 12 
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BC
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(2) Find the generalized forces corresponding to the generalized coordinates; 

(3) Lagrange equation is used to establish the differential equation of motion of the 

system; 

(4) Find the angular acceleration of the two cylinders and the acceleration of the 

center of mass C of cylinder B. 
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